LESSON 2 Polynomials
Monomials (terms) and polynomials

A monomial is a collection of a numbers and some letters all multiplied together. The outcoming
number is called the numerical coefficient, the letters are the variable part. The degree of a monomial is the
number of letters of the variable part.

Numbers are thought as zero degree monomials, also called constant terms.

Examples: 3xyz___ ... degree3 ... coefficient 3
4z°x degree3 . . ... coefficient 4
i;)—) ____________________ degree2 ... coefficient 1/2
S degree O ... coefficient8 it is a constant term
gx _________________ degree 1 . . ... ... coefficient 5/3
-Ixr degree2 . ... coefficient — 7
—6x degree 1 .. ... coefficient — 6
(% x)2 ____________ degree2 . . ... coefficient 1/4
X degree3 ... coefficient 7
%xz ________________ degree2 ... coefficient 5/3
Zyax degree3 .. coefficient 8/3

Like monomials are those with the same variable part.
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Example: —7x* , (Ex) and %xz are like monomials

A polynomial is a variable expression that consist of a sum of one or several monomials. The degree of
a polynomial is the greater of the degrees of its monomials. The monomials of a polynomial are also called
terms.
Example: 42+ 19xy + (= 3y°) + 12 has four terms: 4x°, 19xy , — 3y° and 12
their degrees are 2, 2, 3 and 0 respectively
so the polynomial’s degree is 3

A simplified polynomial does not contain any like terms. In such a polynomial we can easily spot the
degree and a single constant term. The numerical coefficient of the biggest degree term is called in spanish
“coeficiente principal”

Note: the terms in a variable expression are those parts that are separated by addition symbols (+or—)thatis,
the addends; the variable terms have got letters but the constant terms are just numbers without variable part;
like terms are those terms that have the same variable part.

Note: a polynomial having two terms is called a binomial

Note: combining like terms by adding their numerical coefficients is called simplifying a variable expression.

Note: the solutions of a,x" +...+a,x* +a,x+a, =0 are called the roots of a,x" +...+a,x* +a,x+a,
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Multipving monomials

If a monomial is to be multiplied by a numerical multiplier, the coefficient alone is multiplied.
Examples: 5 - 3abc = 15abc
x+2a=2ax (note that the numerical factor is interchanged with literal factors)

Rule for multiplication of monomials: multiply the numerical coefficients and multiply the literal factors.
Example: 2ab - 3a%-2b° =232 - a-a* - b’=12a’b*

Dividing monomials

When the divisor is numerical, divide the coefficient of the dividend by the divisor.
Example: 6a:3=2a

When the divisor contains literal parts that are also in the dividend, cancellation may be used.

Examples:  6ab:(2a =@=%=3b
2a 1
5\ 6a’b 24’ " 6 505 2 o
6a2b:(15b})= T = P or else 6a‘b:(15b3):ga“bl } =§a‘b_2

Powers and roots of monomials

Apply power rules and surd rules.
Examples:  (2x*) =2° (%) =324
V125x° =125 -x° =51’

Adding and substracting monomials

Only like terms can be added or substracted. To do so, distributive property must be applied.
Examples: 12a+4a—-5a=(12+4-5)a=11la the three terms were added/substracted

5P +12x° +x=7x3 +x a term could not be added

Combining like terms by adding their numerical coefficients is called simplifying a variable
expression.

Examples:  Simplify 3x” + 5x + 2xy +2x% —x We add like terms and get 5x° + 4x + 2xy
Simplify 12a+3 -5a +2 - Weadd like terms and get 7a+5

Multiplying a polynomial by a monomial

The distributive property is used. Multiply each term of the polynomial by the monomial.

Examples: 9Q3+2z)=(9:3)+(9-2)=27+09z

8(c~5)=(8-c)+[8(-5)]=8c+(—40)=8c—-40

4a(2 + b)=(4a-2)+ (4a- b)=8a + 4ab

14-52s+2)+3s=14+(-5)2s+(-5)2+35s=14-10s - 10 +3s=-Ts + 4
Removing a common factor

The distributive property is used again but in the opposite way.

Take account of which variables are repeated in all the terms; look at the factors of the numerical
coefficients and do the same. Write them apart (they are the common factor). Leave inside brackets the
quotients of dividing each monomial by the common factor.

If the product were calculated, the original expression should be recovered.

Examples: X%y — Xy* = xy(x —y) and conversely Xy(X — ¥) = Xy'X — Xy'y = XY — Xy*

 3ax®—3ax =3ax(x—1) 31and_gonversely7 ~ 3ax(x-1)=3axx3ax'1= 3ax’® - 3ax
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Addition is done by grouping like monomials. Substraction is done the same way, but changing signs on
the substraend previously.

Examples: (x4 —3x? +5x—1)+(2x2 —6x+3)+(2x4 +x° —x—4)=
x* +0x® —3x* +5x -1
Ox* +0x +2x* —6x+3
2%* +x° +0x* —x -4
32 +2° -t -2x-2

(x4 = 3 +5x—1)—(2x2 -—6x+3)=
x* +0x® =3x% +5x -1
Ox* +0x® —2x* +6x-3
—_— . x40’ =5+ llx-4 S —

Multiplying polynomials

The distributive property is used. Multiply each term of one polynomial by each term of the other;
simplify afterwards.

Examples: (x> —=5x—1)-(x—2)=
x? - 5x-1
x—2
—2x* +10x +2
X -5x*-x
x> =Tx* +9x+2

(3x* - 5x% +6)-(2x +1)=
3x’-5x*+6
2x+1
3x° -5x*+6
_6x* —10x* +12x
- _ o 6xt +7x P =5x +12x+6
Quadratics

We multiply binomials like this: (A+B)(C+D)=AC+ AD+ BC+ BD  (multiply out brackets)
We apply the following rules to multiply binomials in special cases:

(A+ B)? = A* + B* +2A4B (squared brackets)

(A-B)? =A% + B* —-2A4B (squared brackets)

(A+B)(A-B)=A4" —B* (difference of two squares)

You can easily proof they are right by multiplying out brackets and cancelling,.
Examples: (x—1D*=x?+11>-2.x-11=x% +121-22x

QRx+1)?=(2x)* +12 +2-(2x)- 1=4x* +1+4x

" 2 2
[:x—Sj ==(3x] +52 —2-(3xj-5=ix2 +25 - 4x
5 5 5 25

2+ D) =D =(x2f -12 =x* -1

ool -5
5 y 5 ¥ 5 ¥ 4 y
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Polynomial division (L"”J é“’“"”‘)

We can proceed exactly like with natural numbers division. To get each new term of the quotient we
must divide the highest degree monomial of the dividend by the highest degree monomial of the divisor.

Examples: (4x5 +6x* +2x +5x% +3x + 6): (2x2 + x)
4x° +6x* +2x° +5x% +3x+6 2%’ +x
- (4x5 +2x* ) 2x* +2x* +2,5 is the quotient
Ax* +2x* +5x% +3x+6
~ (4x4 + 2x3)
Sk 43x+46
- (sz + 2,5x)

0,5x+6 is the remainder

(x4 +2x° —x? +x—4):(x—7)

x*+2x° -x* +x-4 x=7
_ (x“ _ 7x3)_ x* +9x* +62x +435 s the quotient
—9x3— x* +x—4
—(9x3 —63x2)
62x* +x—4
—(62x* —434x)_____
435x — 4

—(435x —3045)
3041 is the remainder

Ruffini’s rule

It is only suitable when divisor is the type (x-a). You have to build a box and write the coefficients of

(12

the dividend in decreasing order of degree, without forgetting the zero coefficients. The number “a” is written
out of the box, to the left. The first coefficient is placed below the box and the algorithm starts (multiply by “a”,
place the product on the next column, add that column, place the sum below the box and repeat all the steps

again). The numbers below the box are the quotient coefficients, and the last of them is the remainder:

Examples: (x* +2x° = x7 +x-—4):(x—7)
| 1 2 -1 1 -4
|
7| 7 63 434 3045
1 9 62 435 3041 is the remainder
x* +9x% +62x + 435 is the quotient

(x* - 5x° — 49x7 +2x—3):(x+5)
1 -5 -49 2 -3

-5 50 -5 15
1 -10 1 -3 112 is the remainder

X -10x* +x-3 _ isthe quotient o o
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EXERCISES

1) (a) If x = 3, find the value of ,

- - Sx+1
(b) If y = 7, evaluate /5y + 1
(c) Simplify |

3(2a+5b)+2(3a+7b)
2) (a) If a = 4 and b = -5 find the
value of:
(i) a+b
(ii) a-b
(b) Simplify 3x—-4y+ 11x-y
(c) Multiply out (a + 7)(a + 6)

3) (@ Ifp = 5and q = —7, evaluate
) i
ptq
(b) Multiply out (2x—11)(x+7)
(c)fa=3,b=4andc = -5,
evaluate:
(i) a+b+c
(ii) a-b-c¢
2 2
(iii) 2
¢

(iv) /2ab-8¢

6 2abc
V) 2tatb-0

4) (a) If x = 3, find the value of
2
o x —-8x+15
(b) Simplify
3(x+3y-2)—(x-y-52)
(c) Multiply out
L (2x=5)( -x-2)

5) (a) If y = 5, find the value of
— 2y2 -y+10
(b) Multiply out (3x2y)(8xy2)
(c) Simplif}' (2x- 1)2 —(x+ 2)2

6) (a) Multiply out
(2x+3)(x - x + 10)
(b) If x = 9, evaluate
X -10/x+5
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7) Simplify the following:

8)

9)

15. 5(x-2y) - 3(x+ )

Polynomials

1. 3(2a+5b) 16. a’(a*+ a2+ a+1)

2. 4(6b~-¢) 17. 3(x+4y+ 1) —(x+ y—-11)

. 7(3x-2y) 18. x(5x—1) - (5x% - x—10)

. —2(2x+7y) 19. x2(7x—2)=3x(x2—x-1)

58 (x<9) 20. 3(10x -8y +6) - (5x~4y + 3)

. =10(2x—5y)

. —(x-y+2)

8..%(2% + 3)

. a(12a—-4)

10. 3a(7a—-2b)

I1. x(x*+ x+ 1)

12. 2(x+3y) +3(2x-y)

13. 2(5x2 — x—2) + 3(x2 + x—4)

14. 2x(x—-9)—x(x+7)

If p=x-—x+2and

q= x2 + 3x— 3, write the
following in terms of x:

() p+a (i) p-q
(i) 3p+q (V) 3p-2q

Ifa=x+3y-5and

- b = 2x- y+ 2, write the following

in terms of xand y
(i) a+ b (ii) a=-b
(i) 2a+5b_ ¥ 2a=b

10) Copy this test and complete the 7 unfinished words:

When a letter, say x, is used to represent an unknown number, we call the
. A number whose value does not change is called a
s. When

letter a v
» 1%, 2ab, x° are all esof t
some of these are combined (e.g. 3x~ "), we have an e
The number 11 in 3x° + 11x° — 4x+ 7 is called the c

Terms which have the same variables to the same power (3x° y and 8x" y, for

2
of x .

example) are called 1

But we cannot add or subtract terms which are u

-35-

terms. We can add and subtract such terms.
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11)  Multiply out and simplify: (2x—1)(3x+4)
o  (x=3)(x+5)

,;(3x+ 2)(2x-5)

(3x=1)(4x-1)

(§p— 1j(4p+3)
(2a—b)(3a-4b)

(2b+7)°

(x+12)°

(5t—4)°

2(x—6)*

Polynomials

(a+b)(x+y)

(2x-y)(p+4q)

(a-b)(b—d)

(2x+ 1)(4x2—2x+ 1)

(erl)3

(x-2)°

(x+D)(x+2)+ (x+4)(x+5)

(a+3)(a—4)+ (2a+1)(a-5)

3(y+1) —4(2y-1)

Cx+ 1) +x+1)

(p+3)p-2)-(p-6)(p-1)

(x+ y)2 —2xy

(x+3)(2x" +3x+5)

(a+b)(x—y)—(a=b)(x+y)

(3a+2)(54°=a-5)

(x=1)(x“+x+1)

(x+ 1)(x+2)(x=1)

(Y +y-T)y+2)

2x=y)(2x+ y)(x+y)

(2a-3b)(5a"~2ab + b’)

(3id) e (aE3)

(2x-1)°-4(x+1)"

12)  Multiply out and simplify: ) %2 + 1) = 3x(=x + 3) + 2(% — x)?
- b) 2024 3) = 26(x~3) + 6(x2— x— 1)
Q) —dx(x = 4)2 + 3(< — 2x + 3) - 2x(~x? + 5)
d) Bx(x + 7)2 + (2x— 1)(-3x + 2)
&) 2a*+a-1)(a-3)-(2a-1)Q2a+1)

D (Bb-1)3b+ 1) — (46— 3)* - 2(26% + 166 - 16)

13) Divide: a)Q2x3 - 3x) ',(35() = .
- Bt + 127+ 18x2) 3 (2 ) 2
9 (i5x? - 120x + 80) ¢ (5) =
OB - 1592 (3x)=

14)  Divide: a) (x5 + 7x3 = Sx + 1) : (%7 + 2x)
o b) (x3 = 5x2 + x): (x* = 1)
o (x3=5x2+x): (2x2 = 1)
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15) Divide using “Ruffini’s rule”:

Divide:
16) (i) x2+ 12x+20 by x+ 2
< - (ii) x¥2=2x-63 by x—-9
(ii) 126> + 14a+4 by 3a+2
(iv) 15¢2+ 11¢— 14 by 3¢-2
(v) 2x*—x-21 by 2x-7
(vi) 77x* +10x—3 by 11x+3
{vii) 2x? —xy—6y* by 2x+ 3y
(viii) 652~ 11st—35¢2 by 25— 7t
(ix) 2+ x~21x* by 1 -3x
(x) 4=12x-55x2 by 2 + 5x

17) Perform these divisions:
() (x3+3x2+5x+3)+(x+1)
(ii) (%3 +5x*+ 11x+ 10) =+ (x+2)
(i) (¥ -3x2+3x—1)+(x—1)
(iv) (4b3—4B2-9b+9)+ (2b-3)
WM (B +x2-Tx+5)+(x-1)

18) Divide x>~ 19x—-30 by x-5.
(Hint: Write it as
x4+ 0x2-19x-30+x—-5.)

19) Divide x> + 3x2+ 50 by x+ 5.
- - {Hint: Write this as
X +3x2+0x+50+x+5.)
. .y X3+ 5x247324
20) D1v1de —‘m—’—

3_ -
21) Simplify i—%—g and factorise

~ the simplified expression.
22) Divide 2+ 9K — 55k + 50
2k-5

check your answer by letting k = 3

and

23) Simplify Zaz(zza; 3;) -27

o 3
24) Simplify %ﬂ and check

your answer by letting a = 2.

a) (2x3 —x2 + 5x—3) : (x—2)
b) (—x% + 3x2 —2x 4+ 1) : (x+1)
€ Bx3 +5x2 —x) : (x + 2)

d) (x*-27): (x=3)

e) (- x2): (x + 1)

£) (= 2x +x=2): (= 1)

Polynomials
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Factorising polynomials

The factors of an expression are the parts which multiply together to give that
expression. 7 - '
Factorising is the opposite of multiplying out brackets. That is to write a polynomial as a product of two
or several lower degree polynomials.
Computing factors of polynomials can be done:
- by removing common factors
- by means of different formulae (like “difference of two squares” or “squared brackets”
- by enchained divisions using Ruffini’s rule (where the remainder is required to be zero)
- by solving equations (to be explained further)

® Here are two kinds of tactor
Common factor: 6a’b—8ab? = 2ab(3a-4b)
Grouped common factor: 342 — gb + 9ac—3b¢

a(3a-b) +3c(3a-b)
{(a+3c)(3a-b)

If the signs in a group-of-four are + —— + or + + — —, then we take a negative factor
out of the second pair.

ab—ac—bx+cx = a(b—c)-x(b-c)

= (a-x)(b-o¢)

a’+3a—ab-3b = a(a+3)-b(a+3)
= (a-b)(a+3) o

d 2 + y? has no factors but x2 — y? (which is called the ‘difference of two squares’)

as factors:

# -y = (x=))(x+7) 7 o

L ~ The method of dividing by binomials like > (X —a) is based

on the same reasoning we use to factorise a

number in prime factors: 480=2"-3:5 480
240

120

60

30

15

5

| N W NN NN

§$ page 6 (“Factorising 2" degree polynomials™)
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Example .
Factorise:
(i) x*—16x
(ii) x*-16
(iii) x* — 16x* + 64x
Solution
(i) x2— 16x contains a ‘common factor’ x
. x2—16x = x(x—16)
(ii) x?— 16 is the ‘difference of two squares’
2 -16 = (x—4)(x+4)
(iii) x3 - 16x% + 64x has a ‘common factor’ x
" X3-16x% + 64x = x(x*—16x+ 64)
x(x—8)(x—8)

Il

f:' 63{2 f9x = x(x2 —6x+9)= x(x2 ~2x3+3? )j x(x —73)7;

Polynomials

Pxample
Factorise x2 + 2xy + y> — 49

Solution
L )

e

1 S8

|
1’ Thisisa This is on
‘quadratic. its own.

x2+2xy+y*—-49
= (x+)(x+y)-49
= (x+y)2—-49 (Ah! This is the difference of two squares!)

= (249’ -(7)
= Ayt y+7) B

(removing a common factor)

(“difference of two squares™)
(applying “squared brackets™)
(applying “squared brackets™)

(both methods)

Clu‘. gmnc‘ of twe :?um.‘:)
("J.‘ff‘“hce ’f "‘wg sqvams)

When you re-order the group, the ratio of the coefficients in each twosome should

be the same. In the above example, note that 10: 5 = 2:1 and this is why we chose

(The order 10ps+ 2sq + 5p + 1q would also be satisfactory since 10:2 = 5:1,)

Remember that 1 (or —1) is always available as a common factor,

ty
Ucomanom fadors come freif

Examples: X +3x=x(x+3)
X2—25=x*-5"=(x+5)(x—35)
4%+ 12x + 9= (2x)* + 2(2x)3 + 32 = (2x + 3) 2
X’ —8x+16=%x"—2x4 +4%=(x-4)*
Ya?— 8102 = (24)2 - (9b)? = (2a—9b)(2a+ 9b)
a2-25 = (302-(5)* = (3x-5)(3x+5)
MNote - Sometimes you will have to re-order the group:
10ps+ q+2sq+5p
= 10ps+5p+2sq+q
=50(25+1) + q(25+ 1)
= (5p+q)(2s+1)
the new order 10ps+ 5p+ 2sq+ 14.
3a2—6ab—a+2b
= 3a(a—2b)—1(a—2b)
= (3a-1)(a-2b)
Nofg R Yon'’t forget the CF rule:
for example,

2 —50 = 2(x2-25) =

2(x—5)(x+5)

0 —144x = x(x% - 144) = x(x—12)(x+ 12)

-39



LESSON 2  Factorise 4x’ —6x* —16x— 6 Polynomials
dividing with Ruffini’s rule
. | 4 6 -16 -6
* =1 4 10 6 divisor (x + 1)
M 4 10 -6 |0 quotient 4x> —10x—6
{ using now quadratic formula Example
£ 10+£+100+96 [/ 3 Factor
o actorise (5a + 6b)2 — (a— b)?
8 -1/2
SO we can write Solution , ,
4x° ~6x* —16x—6= E(S:”:;)“E“"Z;H . )
s B = a+ —(a- (5a+6b)+(a-1b
=(x+1)(4x —10x—6)— = [5a+6b—a+ bl[5a+ 6b+a-b]
=(x+1)4(x—3XX+%) = [4a+ 7bli6a + 5bl
x* —8x% +11x* +32x - 60 (dividing with Ruffini’s rule)
11 -8 11 32 —60
divisor (x —2) 2] 2 -12 -2 60
£ 1 -6 -1 30 |0 x? —6x* —x + 30 is the quotient
A |
p divisor(x+2) -2 -2 16 —30
: 1 -8 15 10 x? —8x+15 is the quotient
|
divisor (x+2) 3| 3 -15 12
1 -5 |0 x — 5 is the quotient
|
divisor (x-5) 5] 5
1 |0 1 is the quotient

YW > w

so  x'=8x® +11x” +32x— 60 =(x - 2)x + 2)(x + 2)x = 5)

Note: When you reach a quadratic which you know how to factorise by

other means, you can stop dividing and factorise the other way.

xt +2x% = Tx? -8x+12 (dividing with Ruffini’s rule)
B 2 -7 -8 12
divisor x—-1) 1] 1 3 -4 12
1 3 -4 -12 [0 x* +3x? —4x —12 is the quotient
|
divisor (x -2) 2| 2 10 12
1 5 6 |0 x? + 5x + 6 is the quotient
|
divisor (x +2) —-2| -2 -6 12
1 3 10 x + 3 is the quotient
I
divisor (x +3) -3| -3
1 10 1 is the quotient

so x4 2xt =70t - 8xr 12= (- - 2o+ 2 +3)

Note: When you reach a quadratic without roots, it remains as the last factor

of the factorised expression.

-40 -
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EXERCISES

25) Copy these and fill the brackets, but

watch the signs carefully!
-5a+ 106 = -5( )
& - ) 22x" = 33xy = 11x( )
—15¢+ 215 = =3( ) 24xy—16xz = 8x( )
24a0_28b = 4( ) 356" —25ab = 5b( )
B = —x( ) at+d° = a¥( )
—6x+ 14z = —2( ) 25ab—"75ac = 25a( )
2 2 2
“2x+3y = —1( ) xy-xz=x( )
—15p + 9r— 125 = —3( ) 25~ 6x = 2( )
—xy—xz = —x( ) 6a+9b—15¢ = 3( )
‘x2+x:~x( ) a3+a2—5a=a( )
26) 7Fact5ri§e the following: 35a—45b—15¢

6x+9y 5d+35e
4+ lOb 6x2+8xy
14p + 214 16xy — 245"
15a + 25b 404’ - 5a
12k—15m 187 +27¢
22¢-33d 755y + 100xy”
2 3 &
15x° —25x+5 440" — 66a
14y-7 24x—28y + 44z
3x+ 6y ax—ay—cx+cy
15a-10
i b 3x+3y—ax—ay
12m+ 16n
x? - 3x Tx—Ty—kx+ ky
b—
av—ac ak+ at—5k-—-5t
2xy—6xz
1562 -25ab X ~4x—ax+4a
x3+x2—-x‘A - o

14x?y — 21 xy?
4x3y? ~ 6x2y}

Polynomials

128°6° + 152°1°

16 azx2 - 24ax3 - 32a3x

72x —63x° —45x" + 81x

pq+ps-9q—9s

ab-ac— b+ be

ak—bk+at—bt+a->b

3ax—6ay— X+ 2xy

15xy—20y2—9x+ 12y
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27) | Re-arrange these and then factorise
them:

ak + br+ at+ bk

2ac+ bd+ 2ad + be

3ax—by+3bx—ay

5ac—-2b—10a+ be

10ac+ b—5bc—2a

ab+3+3a+b

15ac+ 2bd + 10bc + 3ad

3xy—7—x+2ly

35ab+6—21b—-10a

2wx+ yz—-2wy—1lxz

28) Factorise these ten ‘groups-of-four’:
(1) ma+ mb+ na+ nb
(i) 3a+3b+ xa+ xb
(iii} st+3t+as+ 3a
(iv) x2~2x+ xy—2y

(v) a2+ 5a+ 3ab+15b
(vi) 2x2—5xy+ 4kx—10ky
(vii) ac—ad—bc+ bd
(viii) mx—2my~12bx+24by
(ix) pm+ ng+ np+mgq
(x) 6x2+15ab—10bx—9ax

29) Factorise the following:
7 (i) xy+ 3xz
(i) fx—3xy—2mf+ 6my
(1ii) 3a4%- 64’
(iv) w2 —4wy+ 12vy—3vw
(v) 6a* + bc—2ac~3ab
(vi) 14a%b—35ah?
(vit) a®—ac— a?k+ ck
{(viil) a*b* - b> + bc—a’c
(ix) ax—bx—ay+by+a—b
(x) 542+ ac~a—10ab—2bc+2b

30)4 Factorise t;1e following: 6. y2;64 12. 144%° :49
1 x~9 7.0 -9 13. 4x - 81
B~ 16 8. m” -8l 14. 121x - 36
3. x" 25 9. k'~ 36 15. 1004 — 9%
4. 2>~ 100 10. 9x° — 4 16. a’ —25b°
E 4 B 367 35 17. 4x° — 49y

Y ———

Polynomials

18. 16x* - 95°

19.

p*—4004"

20.

5 2
9m™ —25n

121

ab -1

4
.m =9
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31) Factorise these ‘difference of two
7 squares”:
225

dz-16

k2 —100

4m? —81n?
49k —-9¢
14472 — 12152
36y2 — z?

x2 -1 000 000
400b% — 9¢2
a2b? — 45292
¥ 25

2 4
xy —100

32) ¥xr-y»=72andx+y =9,

write down the value of (x—y).

If a2- b2 = 100 and a—b = 5,
write down the value of (a + b).

33)

34)  Factorise these ‘difference of two
~ squares’:
(i) (x+y)2—-2z2

(i) (x+3y)2—k?

(i) (x~y)?—w?

(iv) (x+ 2y)?-81

(v) (a+2b)2-9¢?

(vi) 2x-9)2—(x+y)?
(vii) (5a+4b)2-(a+ b)?
(viii) 42% - (x+ y)?

(ix) (3a+2b)?—(2a-3b)?

(x) (2x—y)?—(x+2y)?

F:hd three factors for each of the
following, keeping in mind the CF rule
Common Factors Come First).

35)

245~ 18

5% — 20 22 -8
R 3x2 — 300
10x" - 10 5,245
7a” - 700 2k* - 98
—_— 8x2—2
ke 50a% -2
3x° - 108 18a% - 84
e 2 —16x
Xl Lo

12ax? — 27 ay?
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36 Factorise: i
) () £-36 |
(i) " —x—72
i) x - xy+7x—7y
(iv) px—2gx—1lp+22q
(v) x2y2—49

37) Factorise:
(1) ax+6a+ px+6p
(i) x° +3x~54
i) y' -9
(iv) 5¢° - 45
(v) pr+qs+4qr+ps

38)a) Simplify (a—4b)(a+ b) + 3ab and
factorise the simplified expression.

b)  Simplify (2¢t-9)(t+ 8) -7t and
factorise fully the simplified
expression.

c)  Simplify
(a-9)(ab? +4)—a(2-3b)(2 +3b)
and factorise the simplified

.. 2

39) (a) Factorise 4a” — 121 b
---(b) One factor of x + 8x—65 is
(x—5).What is the other?
(c) (i) Copyand fill in the bracket:
_2a°b + 44’V = —2abt )
(ii) Factorise T
13a-26b—2a b +4a b

40)  Apply “squared brackets” and factorise the following:

&) X2+ 2xy+
b X2 =2xy+ y*
9) x2— 18xy + 81y?
A) X —6x+9

e) m + 12m + 36
9 X +18x+ 81

Polynomials
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41) Factorise the following:

x>+ 2xy+ y*> - 81

x*—2xy+ y2— 100

X+ 4x+4-49y2

a’+6a+9—b?

@ +8ab+ 1662 — 2

Emmmne D ———
a2+ 2ab+ b?—16¢2

42) a) Factorise x2 — 12x + 36 and hence
T 7 factorise x2— 12x + 36 — 49y°.

b) Factorise p? + 6pq + 99> and hence
factorise:
(i) p2+6pg+9g*—12
(i) p2+6pq+9g>—(r+ s)?

c) —Factorise x2—~13x+ 36 and hence

find four factors of a* — 1342 + 36.
———

d) Factorise a®—2ab+ b? and hence
factorise:
(i) a2-2ab+ b2 ~121¢2
(ii) 100 - a? +2ab - b?
(iii) (5a-b)%2—a’+ 2ab-b?

43)  Factorise the following and tell the roots of them:

2

a) xi—x
b) x3 +3x2 + 4x + 12

) 2x3 — 3x2

d) x3—x2-12x

e) x> —7x% + 14x—8
Fyx*—4x3 + 4x2 —4x+ 3

4) F actorise the following using “Ruffini’s rule”:

2) x4 + 2%3 — 2352 60«

b) %7 + 8x% + 21x3 + 1842

Q) 10x% — 3% —41x? + 12x + 4

d) 9x* - 367 + 26x2 + 4x—3

©) x5 + 10x% + 3257 + 40x? + 31x + 30

Polynomials
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45) Factorise the following: yn
- Tx+ 10 X +5x- 14 o+ 8x+12 C47x+12 X +29x+ 100
X —8x+12 £ -11x+30  Z+9x+18 Xtdx+d4 X+ 14x+48
2
X —8x+15 x—x=30 X +11x+18 EilGx+o X+ 27x%+50
X —9x+20 X+ x=30 X+ 10x+ 25 X +8x+7 x27+ 20x + 51
X =3x+2 X —4x-5 X +6x+5 X +11x+30 F +13t+36
X —10x+ 21 X —4x+4 A +11a+28 X +13x+30 X +13x+40
x-3x-10 X +6x—16 y2+ l1y+24 xz+l7x+30 4 2%~63
X +2x-15 X —5x+4 PP+ 14b+33 W +31x+30 5 —_15x+ 56
2 2 3 - .
X —x—12 x +9x-22 W F6x+8 P +t13p+42 X+ x=42
X +x-6 X' +5x—24 X+ 9x+ 14 i+l4y+49 X +3x-70
Attt Rl
o= dx—12 X —x—90 X +9x+20 E+12k+32 % —10x+24
46) Factorise these quadratic
expr_essions: )
X'~ 10x— 24 x—x-20 222~ 3x+ 1 K+ 5xy+ 632
S @+2a-8 2 2 2
x2+ 11x—60 : 7 P 5x% + 13x—-6 a 7ab+ 1057
o G A RS x—/x+ 4x2 + 4x + 1 3a2 + 4ab+ b
2
X +2xy— 355" yty-42 1042+ 7a+ 1 10p? +9pq +24°
o b2+ 3b-10 672 —y—1 X%~ xy— 652
Y 24 4g-12 2
b g T 4 B 2 2x%—xz— 1022
a2—3ab—40b2 x*+10x~ 11 15},2+ 13y+2 7x% + 11xy—-6y2
S ] ‘mE—6m+5 ! ST
m' —24mn+ 1447 | m2—_5m+ 6 SErhms 2
: i 18x2—9x+1
el At 100 18x2—11x+ 1

47) Factorise the following:

(i) 20xt-x—1
(ii) 20x% + x—1
(iii) 20x2—-8x-1
(iv) 20x2 + 8x—1
(v) 20x2-19x-1
(vi) 20x% + 19x—1

(vii) 20x%-12x+1

(viii) 20x*2-9x+ 1
(ix) 20x*+ 21x+ 1
(x) 1-x-20x> _

48)

(a) (i)Factorise % +4x-32
(ii) Evaluate the expression
x> + 4x—32 when x = —8.
(b) Factorise:
{iy ab=bc—a+c¢
(i) x"+2x=63__
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49) (a);Factorise:
(i) x*-4
(i) x’ —4x
(i) x*—dx+4
(b The factors of x* + ax + b are
(x-17) and (x + 3). Find the
values of aand b.
(c) Factorise fully:
(i) 7x*-28
(i) x* 49
(i) x° - 49x

50) a) The factors of x* + ax+ b are
(x-1) and (x+ 8).
Find the values of aand b.

b) The factors of X+ px+ q are
(x—7) and (x-9).
Find the values of pand g.

¢) The factors of x> —kx— t are
(x—2) and (x+1).
Find theﬁyqltﬁneﬁs,oif lc ilﬂd L3

51)  Factorise and calculate de LCM (least common multiple) and the GCD (greatest common divisor)
of the following:

a) x*=2x+1 and 2x-2
b) x* —4x? and  x° —4x? 4 4y
9 x-3x , x*-9 and x> -6x+9 I
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Polynomials

Two important theorems about polynomials

Note: the solutions of a,x" +...+a,x” +a,x+a, =0 are called the roots of a,x" +...+ a,x’ +ax+a,

. ) . 2 )
so if the polynomial is factorised a,x” +...+a,x” +a,x+4a, =a, (x—a, Xx—a,).. the roots are &, ...

The remainder theorem

When a polynomial f(x) is divided by (x — a) the remainder is fla).
f

Example Find the remainder when the polynomial f(x) = x* + x - 5 is divided by:

(@ (x-3) (b) x+2) (o) (2x-1.

Choose x 5o that (@) The remainderis f(3)=3%+3-5=25.
F+2=0. (b) The remhainder is F(-2) =(-2)*-2 -5 =-15.
g’wc;se g so that (c) Theremainder is £(0.5)=0.5%+0.5-5=-4.375.

The factor theorem

A special case of the remainder theorem occurs when the remainder is 0. This result
is known as the factor theorem which states:

|
; If £(x) is a polynomial and f(a) = 0 then (x - a) is a factor of f(x).
|
{

Example Show that (x+ 3) is a factor of x* + 5x% + 5x - 3.

Taking f(x) =x>+5x%+ 5x -3
f(=3)=(-3)*+5(-3)*+5(-3) - 3
—_274+45-15-3=0,
By the factor theorem (x +3) is-a factor of x}+5x2+5x-3.

Note: the following facts are equivalent:
— a is a solution of @, x” +...+a,x* +a,x+a, =0

— the remainder of (a,,x" +..+ax +a,x+a0): (x—a) is zero
— a,x" +..+a,x’ +ax+a, is divisible by x—a

_ —the polynomial is factorised g,x" +...+czzﬁ +ax+a, =(x—a)g(x) where g(x) is the quotient

-48-
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txample A polynomial is given by f(x) =2x*+ 13x%+ 13x - 10.

(a) Find the value of f(2) and f(-2).
(b) State one of the factors of f(x).
(c) Factorise f(x) completely.

@ f(=22H+13(2H)+13(2)-10=84
f(=2)=2(-2)>+13(-2)2+13(-2)-10=0.
(b) Since f(-2)=0, (x+ 2) is a factor of f(x) by the factor theorem.

(¢) dividing with Ruffini’s rule

| 2 13 13 -10
2] 4 18 10 divisor(x+2)
2 9 -5 0 quotient 2x* +9x—5

using now quadratic formula

—9+/81+40 _<—5
4
SO we can write

1/2
769= e 2o + 95 -3)=o+ 2l 5 x5

Factorising a polynomial in order to solve an equation

The equation a x" +...+a,x* +a,x+a, =0 can be rewritten as p{x)g(x)...= 0 if you factorise the
q ' 2 1 0 Yy

left side of the equation.
This way you can split the equation into several equations easier to solve: p(x); 0, q(x) =0, ...



LESSON 2

EXERCISES

- 52)

53)
54)

55)

56)

57)

58)

59)

60)

61)

62)

63)

64)

Polynomials

Tell the roots of A(x)=(x+5)* -(2x-3)-x
Tell the roots of B(x)=(x-2)- (x2 + 1)
Find the remainder when x* +2x” —5x+1 is divided by x—2

Let f(x)=x +x*-19¢ 25 +66x+72
Use the Factor Theorem to determine whether or not x +1 is a factor of f{(x)

Find the value of “m” as to (3x* +m¥ +x—4): (x—3) has a zero remainder

Find the value of “m” as to x* —mx* +5x—2 be divisible by x +1

Write a polynomial with the following roots: 2, 3, —1

In a division of polynomials the quotient is 2x — 3, the divisor is 3x*~1 and
the remainder is — x + 1. Find out the dividend.

a) Write a quadratic P(x) such that P(3)=0 and P(5)=6
b) Write a quadratic Q(x) such that Q(—4)=0 and Q(-2)=-8

a) Write a quadratic function such that its graph (a parabola) passes through
points (3,0) and (5,6)

b) Write a quadratic function such that its graph (a parabola) passes through
points (—4,0) and (-2,-8)

Find the possible values of “b” if the equation g(x) =0 is to have only one root,
where g(x) is given by g(x)=3x* +bx+12

Solve x> —6x+7=0: a) using the quadratic formula
b) by completing the square
¢) by factorising (for example, with Ruffini’s rule)

a) Find the values of real numbers ! ¢) Find the remainder when: l
pand qif , ‘ — (i) 660 is divided by 7. :f
@x+3)(px+q) = 10x% +29x +21 ; (ii) (2—3x+50) is divided by (x—5). |
for all values of x. I (lll) (x3 —-2x2+6x+ 1) is divided by !

— - — x— 1.
b) Find the values of real numbers | -

|
-nand mif ; d 18x3 + 63x2 — 8x—28
Bx-11)(nx+m) = 6x2—x~-77 ‘ ) Divide 2x+ 7 and
for all values of x. ; factorise the result.

=50 =
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Polynomials

Algebraic fractions (vtional expressigns)

The quotient of two polynomials is called an algebraic fraction (or a rational expression). They can be

operated like numerical fractions.

They can be simplyfied by cancelling a common factor on the numerator and on the denominator:

To simplify a rational expression, factorise both f(x) and g(x) as far as

mi_\kcancﬂgnyiactors that appear in both the numerator and denominater x> —x-6 4391137(35 +2)  x+2

15¢> 3
25a° 5a
x? +x x(x+1)_ x

wt+y yx+l) y

Examples:

-6 _3(x-2) 3
2x-4 2x-2) 2
2% +6x  2x(x+3)
202 +7x+3  (2x+1)(x+3)
X
2x+1
5x+15 _ 5(x+3)

29° _ 2y
18x*y?  3x°
x+1 (x+1) 1

x2—9

1
_x—3¥(x+3) _ x+3

x2+2x+1_(x+1)2 x+1

¥ -4 (x+2)x-2)
x+2  x+2

=x-2

This cannot be
cancelled any further.

1
S5(x+-3Yy 5

BE18 ~ 2-9) T 2= - 3x3)

The basic rules are exactly the same as for ordinary fractions

and you should definitely be aware of the close similarity. _

o TRy
3(3t -p)

13t —p)
3(3t —p)

3t—6p—-3t+p
3(3t-p)

3
X x3 X

x2+x3:x2(1+x)=1+x
x-1 _ (x-1) 1

x2-1 (x+1)x-1) x+1

=2+l (x=1  x-1
X -1 (e+D(x=1) x+1

w?-12 3(x*-4)

2—-X 2—-x
B 3(x=-2)(x+2)
)
=-3(x+2)
2a-2b _ 2Aa—b) _ 2 _
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Multiplying and dividing algebraic fractions

To multiply several algebraic fractions you must multiply the numerators to get the numerator and
multiply the denominators to get the denominator.
To divide two algebraic fractions the rule is to cross-multiply.

Examples: 2a’ 156 _ 2a*15b _ 3 6x2y- y _ 6x>yy =i
56> 8a' 5b°8a* 4b’a’ 18x>  18x*  3x
3x*  6x’ _3x’10y° 1 Xy
5 '10y°  5y*6x® b - -

x* -1 (1) ¥ -1 (x+1)x-1)_x+1
x x(x—l) x(x—l) X
x2+2x+1.x2—1_(x2+2x+1)x2_ (x+1) 2 _(x+1)x_x2+x

2

3 B x(xz—l) x(+1)x-1) (x-1 x-1

Getting a common denominator of several algebraic tractions

First calculate the L.C.M. (lower common multiplier) of the denominators.
Change each fraction into another equivalent one whose denominator is the L.C.M. To do so, divide the
L.C.M. by the denominator and multiply by the numerator.

Adding or substracting algebraic fractions

Always get a common denominator and then add/substract numerators only.

Examples: 1 + iz = _xz + —27 =X 4; 2 because L.C.M = x’
x x° x* x x
E_,_L__S =§+1_E=M=£ because L.C.M.= 6x
x 2x 3x 6x 6x 6x 6x 6x
5 3 5 6 S5x-6

——G == > because L.C.M.= 2x2
2x x° 2x° 2x 2x ]

x 5 2(x —1)x 5(x+1) _»2x(x—1)—5(x+1)=

x+1 2(x-1) 2(x+1)x=1) 2x+1)lx-1)  2x+1)x-1)
because L.C.M.= 2(x + 1)x~ 1)

2x? —2x—5x—5_ 2x* =7x-5

2(x2 —1) 2z —2

x—2 4 x-2 4

5 A el

¥ -x-12 x*-9 (x+3)(x-4) (x+3)(x- 3)
C(x=3)(x-2)+4(x-4)
T (x+3)(x-4)(x-3)
- x2-5x+6+4x-16
C (x+3)x-4)x-3)
- ey 10
(x+3)x-4)(x-3)
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3x—l+5x+2_11x~1 6(3x—1)+4(5x+2)-3(11x-1)

2 3 4 1%
_ 18x-6+20x+8-33x+3
12
_ ox+0o
St .
3 5 _ 3(7x-2)-5(2x+35)
WD Fx—2 (2x+ 58 7x—2)

— 21x-6-10x-25

(2x+5)(7x-2)
11x-31

(2x+5)(7x~2)

~ (Watch those signs!)

At Y
Check o§ last exam Ple,
Put x = 2 at the start and the end:

5 3 5 1 5 _4-5

Start:

2x+5 7x-2 9 12 3 12 1

s »-s o 1
B 572 ()02 18-

Since these are the same, the answer is reinforced.

Polynomials
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EXERCISES
65)  Reduce these fractions by dividingabove . a2~ b2 2 ___a?__—_bz___z
) 375 15
and below by a common factor: "7a-7b e
= ab—ay—bctcy
L% 14 ELK B
16 — x?
3a
25l o a-=b
Za 13. a—=6 U ==
36— a2 2
> 3a+3b x2—2x i i
14. 5 oy
x4 R
4 2x—4
3 x2—4 15 6a—6b
T at-p?
5 a-3b
3a-9b 16, 2X=2Y
3y-3x
6 8x—10
C16x%2-25 17, 2+ 9x+4
"2x2+ 11x+5
x*-9
4 x2—4x+3 by+b-y-1
18. _Z’T%’_
8 x—4
" x2-16 19, 8x+ay—cx—cy
Tax+ay+cx+cy
9 x%— 100 ]
% 3 L%
5x+ 50 P e 4
32 +8y-3
10. _a_-_—_b
b-a X+ x—6
21, ——F—
x2+ 3x—10
66) Simplify:
T 243x . 9x-x} i) ad+ 74+ 14a+8 jv) @a=1)(a’ +a-3) + 4aQ2a-1)
'1)2x2+x—3 ii) ey e : (afl)(a+2) 7 T (2a-1)

5x(8x%2—2)-6(1~4x?)
(5x+3)

and factorise fully the simplified

67) Simplify

expression.

v)

P-1)2+5p(*+2y+1)
1y
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68) Write these as a single fraction: 5 =
13, ———+
x+1 x+5 2x+1 3x+5
i. 3 +—_2
3 5
@0 Fs <+ 1 W
e T >
; IR e, B
3x+1+x+2+x+3 . B ) |
D 3 4
16 B B i
4x+2+x+1+x+5 “2a-3 3a-2
g 3 2
AN B N
5.%§+x+4(Hint:x+4=x—11L—4) st Bk
3 1
18. -
5. x+2x;3 6n+1 2n-3
3 2
: e R
iy 3x+1+5"3‘1 6y—1 4y+7
1 3
R e
: 2 3 —
69) a) Wiri 3 .
rite —— ngle
- - - X—1 x+4 207508 d) Write;7—3+3_i}intheform
fraction and verify your answer by
putting x = 4, ;’:—3,where keR.
b) . \18 12 . (Hint: The lowest ccmmon
~ Wirite CL2 9%+ 5 as a single denominator is just (x—3).)
fraction. Verify your answer by
: B D 4 .
= € e
Puttmg x=1. ) Write 53o1 3x+1 as a single
C) Write . % = 51—2x as a single fraction.

fraction. Verify your answer by Verify your answer by letting
letting x = 9. x=3
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70) Express as a single fraction in it simplest form:

3(x—-4) +2(x+1)
x+2)x-1) x-1

(a

b x2-3x+2 1
)x2+3x—-4 (x+4)?

[

(d)i (l; ! )

x x-1

© [x + %) : (x— %)] » e T}

10

: 3
71) () Evaluate =5+

=1
when x = 3

. . 3 10
(i) Write o + e

single fraction.

as a

(iti) Find the value of this single

. 1
fraction when x = 5

7 5
72) Show that x4 + 3_6 @0 be

. . k
written in the form 6(_5:—2—) and
find the valueof k.

73) (a) Find a common factor in the
two expressions (6x—12) and
(5x-10).

(b) Hence solve

x+2 _4x-3 +x—)—i’> -0
5x—10 6x-12 e Ol

~_74) (a) Factorise 2x~ x— 10

(b) Solve
7_,_4 _ _x+20
2x-5 x+2  2x2_x—10
- 56-

Polynomials
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75) solve for x: —= —=——= =

‘x-4 x-2
16 14 _ 12
x—1 x+1 x2-1
5 1  _ (x=1)(x+1)
x-4 2x+1  2x2-7x-4
R RS [
x+1. x=1 x+2
x—2 x—1 1

x2-3x x2-2x 12x

76) Find the two ;alues of xwhich

x+1 1 x+2 .
P _2+x—1 andveriify

that both solutions are correct.

satisfy:

12 2 _ xX2+8x+9

77)
| 2, S
i e ey B wrar T

and verify your solution.

a) Find, correct to one decimal place,

the solution of —— + x=1_ 4
x—1 X

b) Find, correct to two decimal places
~  the solution to the equation

2x-3 _2x-2 _ .
Ix—2 2x-3

¢) Solve for x, correct to three decimal

2(x-2)  3x-2 _
places, <3 + w7 = 3.

d) Find, correct to two decimal places,
"7 the values of x which satisfy the
equation

N S S
x—1 x-2 2x+1

-57-
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