
LESSON 2 Polynomials 
Monomials (terms) and polynomials 

A monomial is a collectioii of a numbers and some letters al1 multiplied together. The outcoming 
number is called the numerical coefficient, the letters are the variable part. The degree of a monomial is the 
number of letters of the variable pairt. 

Numbers are thought as zero degree monomials, also called constant terms. 

Examples: 3x z .--- Y degree 3 .---------------------- coefficient 3 
42 X degree 3 .--S--...-------------- coefficient 4 
xy - ,--------------.--- degree 2 .---------------------- coefficient 112 

8 - - - - - - - - - - - - - - - - - . - - - degree 0 .-------------...-.---- ~oefficient 8 --------*------e it is a constant term 
5 
-x  .--- -------------  degree 1 , - - - - - - m - - - - - - - - - - - - - - -  coefficient 513 
3 

2 - 7~ de@= 2 . - - - - - - - - - - - - - - - - m - - - - -  coefficient - 7 
- 6 ~ -  - - - - - - - - - - - - - - - . degree 1 . - - - - - - - - - - - - - - . - - m - - - -  coefficient - 6 

2 (i X )  -------.---- degree 2 . - - - - - - - - - - - - - - - - - - - m - -  coefficient 114 

3 
7.X degree 3 - coefficient 7 
5 2 
- x - - - - - - - - - - - - - - - -  degree 2 . - - - - m - - - - - - - - - . - - - - - - -  coefficient 513 
3 
L 2 
- x s 4 x  2 

degree 3 .---------------------- coefficient 813 
J 

Like monomials are those with the same variable part. 

Example: - 7x , and - x are like monomials 
5 

A polynomial is a variable expression that consist of a sum of one or severa1 monomials. The degree of 
a polynomial is the greater of the degrees of its monomials. The monomials of a polynomial are also called 
terms. 

Example: 4x2 + 1 9xy -t (- 3y3) + 12 has four terms: 4x2 ,19xy , - 3 9 and 12 
their degrees are 2,2,3 and O respectively 
so the polynomial's degree is 3 

A simplified polynomial (loes not contain any like terms. In such a polynomial we can easily spot the 
degree and a single constant term. The numerical coefficient of the biggest degree term is called in spanish 
"coeficiente principal" - .~ - ~ . - -  .- - - - -  - - - - - - - - - . - 

m: the terms in a variable expression are those parts that are separated by addition syrnbols ( + or - ) that is, 
the addends; the variable terms have got letters but the constant terms are just numbers without variable part; 
like terms are those terms that have the same variable part. 

Note: a polynomial having two teims is called a binomial 

m: - combining -- - like terms - by - -  adding their numerical coefficients is called simplifiing a variable expression. 
~- -- ~~ - 

m: the solutions of anxn +...+ a2x2 + alx + a, = O  are called the roots of anxn + ...+ a2x2 + alx + a, 



LESSON 2 Polynomials 

Multipyina monomials 

If a monomial is to be multiplied by a numerical multiplier, the coefficient alone is multiplied. 
Examples: 5 3abc = 1 5abc 

x 2a = 2ax (note that the numerical factor is interchanged with literal factors) 

Rule for multiplication of monomials: multiply the numerical coefficients and multiply the literal factors. 
Example: 2ab . 3a2 21? = 2.3.2 a-a2 b3=12a3b4 
p~ - - - - -- - ~ -  - -- . - . - - - 

Dividinn monomials 

When the divisor is numerical, divide the coefficient of the dividend by the divisor. 
Example: 6a : 3 = 2a 

When the divisor contains literal parts that are also in the dividend, cancellation may be used. 
6ab 3b 

Examples: 6ab : (2a) = - = - = 3b 
2a 1 

Powers and roots of monomials 

Apply power niles and surd niles. 

Examples: (2x3 y = 2' (x3 = 32x1' 

Addina and substractinn monomials 

Only like terms can be added or substracted. To do so, distributive property must be applied. 
Examples: 1 2 a + 4 a - 5 a = ( 1 2 + 4 - 5 ) a = l l a  the three terms were addedlsubstracted 

- 5 ~ ~  + I ~ x ~  + x = ~ x ~  + x  a term could not be added 

Combining like terms by adding their numerical coeficients is called simplifiing a variable 
expression. 

Examples: SimpliSr 3x2 + 5x + 2xy + 2x2 - x We add like terms and get 5x2 + 4x + 2xy 
-- -- Simplify 12ir + - 3 - - 5a - - + 2 - - - - We - add like terms and get 7a + 5- 

Multiplyina a polynomial by a monomial 

The distributive property is used. Multiply each term of the polynomial by the monomial. 
Examples: 9(3 + z) = (9 3) + (9 z) = 27 + 9z 

8 ( ~ - 5 ) = ( 8  . c ) +  [8 (-5)] = 8 ~ + ( 4 0 ) = 8 c - 4 0  
4a(2 + b) = (4a 2) + (4a . b) = 8a + 4ab 

- -- 14-5_ (2~+2)+  3 ~ =  14 + ( -5 ) . 2~+(~5) .2 -+3~=  14- 10s- - -- 1 0 + 3 ~ = - 7 s + 4  - - - - 

~emoving a common factor 

The distributive property is used again but in the opposite way. 
Take account of which variables are repeated in al1 the terms; look at the factors of the numerical 

coefficients and do the same. Write them apart (they are the common factor). Leave inside brackets the 
quotients of dividing each monomial by the common factor. 

If the product were calculated, the original expression should be recovered. 
Examples: xZy; xy2 = xy(x - y) and conversely xy(x - y) = xymx - xy-y = x2y - x$ 

3~ - 3ax - 3ax(x - 1-) and-converse1 y - - -  ~ 3ax(x -1) = 3ax.x -3ax.1 = 3ax - 3ax 2 
- - 

-31 - 



LESSON 2 Addinn and substracting polynomials 
Polynomials 

Addition is done by grouping like monomials. Substraction is done the same way, but changing signs on 
the substraend previously. 

Exarnples: (x4 -3x2 +5x-1)+(2x2 -6x+3)+(2x4 + x 3  - x - 4 ) =  

x 4  -t 0x3 -3x2 +5x-1  
0x4 + 0x3 - 2x2 + 6x - 3 - -. - . -  

4 3 2 
-- - - -  - - -  

-- - - -A - -- - 
. . -- x +OxL5x . + - l - l x - 4 _ _  -- 

Multivlyinn volynomials 

The distributive property is used. Multiply each term of one polynomial by each term of the other; 
simplifi aftenvards. 

Examples: (x2 - 5x - 1). (x - 2)  = 

(3x3 -5x2  -t 6).(2x+ 1)= 

3x3 - 5x2 + 6 
2x+1 

3x3 -5x2 + 6  

- 6~~ -10x3 + I ~ X  
-- - 6 ~ . ~ - +  7x3 - 5x2 + B x  + 6 - - -  

Vuadratics 

We multiply binomials like this: (A + B)(C + D) = AC + AD + BC + BD (multiply out brackets) 
We apply the following rules to multiply binomials in special cases: 

(A+ B ) ~  = A ~  + B' +2AB (squared brackets) 

(A - B) = + B2 - 2 AB (squared brackets) 

(A + B)(A - B) = - B~ (difference of two squares) 

You can easily proof they are right by multiplying out brackets and cancelling. 
Examples: ( x - 1 1 ) ~  = x 2  + 1 1 2  - 2 . x . 1 1 = x 2  +121-22x 
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Polynomial division [ l d w j  Jdiv's'ofl) 

We can proceed exactly like with natural numbers division. To get each new terrn of the quotient we 
must divide the highest degree monomial of the dividend by the highest degree monomial of the divisor. 

Exarnples: (4x5 + 6x4 + 2x3 + 5x2 + 3x + 6):  (2x2 + x )  

4~~ + 6~~ +. 2~~ + 5~~ + 3~ + 6 12x2 + x  
- (4X5 + 2~~ ), 2x3 + 2x2 + 2,5 is the quotient 

4x4 + 2x3 + 5x2 + 3x + 6 
- (4x4 + 2 ~ ' )  

5x2 +3x+6  
- (5x2 + 2,5x) 

0,5x + 6 is the remainder 

I 

x3 + 9x2 + 62x + 435 is the quotient 

3041 is the remainder 

Ruffini's rule 

It is only suitable when divisor is the type (x-a). You have to build a box and write the coefficients of 
the dividend in decreasing order of degree, without forgetting the zero coefficients. The number "a" is written 
out of the box, to the left. The first coefficient is placed below the box and the algorithm starts (multiply by "a", 
place the product on the next colurnn, add that column, place the sum below the box and repeat al1 the steps 
again). The nurnbers below the box are the quotient coefficients, and the last of them is the remainder: 

Exarnples: (x4 + ~ x I  -x' + x - 4 ) : ( x - 7 )  

I 1 2 - 1 1 - 4  
I 

7 I 7 63 434 3045 
1 9 62 435 (3041 is the remainder 

x3 + 9x2 + 62x + 435 is the quotient 

(x4 -- 5x3 - 49x2 + 2x - 3): (x + 5) 

11 -5  -49 2 - 3  
I 

-5 1 - 5  50 - 5  15 
1 -1 O 1 -3 112 is the remainder 

- ~ ~- xL -10x2+x -3  is thequotient . - - 



LESSON 2 

EXERCISES 

Polynomials 

- - - - 
1) (a) If x  = 3 ,  find the value of 

- - 

I 
5 x +  1  

(b) If y  = 7 ,  evaluate dm 
(c) Simplify i 

3 ( 2 a + 5 b )  + 2 ( 3 a + 7 b )  I 

~ 

2) (a) If a  = 4 and b = -5 findthe 
value o f: 
( i )  a  + b 
(ii) a  - b  

(b) Simplify 3 x - 4 y +  l l x - y  

(c) Multiply - out ( a  + 7 ) ( a  + 6 )  

3) (a) I f  p = 5  and q  = -7, evaluate 

p-4 
P + 4  

(b) Multiply out ( 2 x  - 11) ( x  + 7 )  

(c) I f a  = 3, b  = 4andc = -5 ,  
evaluate: 

( i )  a +  b + c  

(ii) a - b - c  

n2 + b2 
(iii) - 

c- 

(iv) J-c 

4) (a) If x  = 3 ,  find the value of 
2 

- - x - 8 x +  15 
(b) Simplify 

3 ( x +  3 y - 2 ) - ( x -  y -52)  

(c) Multiply out 
2 

-- - ( 2 ~ - 5 ) ( ~  - -~ - x - 2 )  - -- - .  

5) (a) If y  = 5 ,  find the value of 
- 2 

2 y  - y +  10 

(b) Multiply out ( 3 ~ ~ ~ )  (8xy2)  

(c) Sirnplify ( 2 x -  112 - ( x  + 212 
- - - - 

6) (a) Multiply out 

- - ( 2 x  + 3 ) ( x 2  - x + 10) 
(b) If x  = 9 ,  evaluate 

2 x -io,.,Lx+5 
- ~~ -~ 
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8) I fp  = x 2 - x + 2  and 
q = x 2 + 3 ~ - 3 , w r i t e t h e  

foiiowing i n  terms of sc. 

(i) p + 4  (i i)  p  - q  

(iii) 3p + q . (iv) 3 p - 2 q  

7) Simplify the following: 

1. 3(2a + 5b)  

2. 4 ( 6 b - C )  

3. 7 ( 3 ~ - 2 y )  

4. -2(2x+ 7 y )  

9) 
If a = x + 3 y - 5  and 

- .-  
- b = 2x - y  + 2 ,  write the following 

in terms of x  and y 
( i )  a  + 17 (ii) a  - b  

( i i i ) 2 a + 5 b  (iv)  2 a - b  - - - -- .- - -- 

15. 5 ( x - 2 y ) - 3 ( x + y )  

16. a2(a3 + a% + + 1 )  
.- 

17. + 1 )  - ( x +  y -  1 1 )  

18. A ( J A -  1) - ( 5 x 2  - X -  10) 

19. x 2 ( 7 x - 2 ) - 3 x ( x 2 - x -  1 )  

10) Copy this test and complete the 7 unfinished words: 

20. ~ ( 1 0 x - 8 ~ + 6 ) - ( 5 ~ - 4 ~ + 3 )  - -- - - 
- - -. . . - - - 

6. - 1 0 ( 2 ~ -  5 y )  

When a letter, say x, is used to represent an unknown number, we cal1 the 

letter a v . A number whose value does not change is called a 
3 

ic are al1 

some of these are combined (e.g. 3x 

The number 1 1 i i i  3 x' + 1  1 X' 

Terms which have the same vi ariables i 

l exampl 

+ 4 x y -  

7 is callt 

to the sal 

:d the c 

me powc 

o f 

:r ( 3 2 y  and 8%' 

example) are called 1 terms. We can add and sub :h terms. 

But we cannot add or subtract terms which are u 
- - -- 

- - -- - - -  - - - 

- 35 - 
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11) Multiply out and simplify: (2x- 1)(3x + 4) 
- -  -- - 

. -- 

(x- 3)(x+ 5) 

(a- b)(b- d) 

12) Multiply out and sim~li@: O--) ~(~1x2 + 1) - 3x(-x + 3) + ~ ( ~ 2  - x)2 -- ~ 

- -- - - 

b) 2 ( x 2 + 3 ) - 2 x ( x - 3 ) + 6 ( x 2 - X - 1 )  

13) Divide: a)(22 - 3 4  : @Y) = 
- - -  - 

b)Qx4+ 12x3+ 18x2) : ( l ) ? ) ~  
C) 65x2 - 120x + 80) : (9) S 

d)(3x3 - - 1 5 4  - : (3~)s -- 

14) Divide: a) (x5 + 7x3 - 5x + 1) : (x3 + 2x) 
- - 

b) (x3 - 5x2 + x) : (x2 - 1) 

C) (x3 - 5x2 + x )  : (2x2 - 1) 
- - - 
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15) Divide using "Ruffini's rule": a) (2x3-x2 + 5x-3)  : ( x -2 )  
- -~ 

b) (-x4 + 3x2 - 2x + 1) : ( x  + 1 )  

c) (3x3 + 5x2 - x) : ( x  + 2) 

d) (x3 - 27) : (x -  3) 

e)  (x4 -x2)  : (x  + 1) 

f) (x5 - 2x4 + x -  2) : ( x -  1 )  
- -  - - -  - - 

"fTii;de: 

16) ( i )  x2+ 12x+20 by: 
- ( i i )  x2-2x-63 byx -  

(iii'l 12a2 + 14a + 4 by J U  r L 

(iv) :c- 14 by 3c-2 
(v)  21 by 2x-7 

(vi )  77x2+ 10x-3 by l l x +  3 
(vi¡) 2x2-xy-6y2 by 2x+ 3y 

(viii) 6s'- 11st-35t2 by 2s-7t 
i,ix) 2 + x- 21x2 by 1 - 3x 
(x) 4 -  12~-55&by 2 + 5 x  

17) ESorm these divisions: 
(i) ( x 3 + 3 x 2 + 5 x + 3 ) + ( x + 1 )  

(ii) ( x 3 + 5 x 2 + l 1 x +  1 0 ) + ( ~ + 2 )  
(iii) (x3 - 3x2 + 3x- 1) + (x- 1) 

(ivl (4b3-4b2-9b+9)+(2b-3) 

(1.) (x3+x2-7x+5)+(x-1)  - 

18) Divide x3-19x-30 byx -5 .  

- (Hint: Write it as 
~ ~ + 0 x ~ - 1 9 x - 3 0 s x - 5 . )  

19) Dividex3+3x2+50 b y x + 5 .  
- . - (Hint: Write this as 

X3+3x2+Ox+50+:  -~ - 

20) Divide 
X3 + 5x2 -24 

x + 9  

21) Simplify x3 - 1 3 ~ -  12 
x +  l 

- -  - 
the simplified . expressi - 

: and fact 

on. 
-- 

orise 

22) Divide 2k3+9k2-55k+50 and 
2k- 5 

check your answer by letting k = 3 
. ~ -. ~-. ~- -- - ~~ 

-- - 

your answer by Ietting a = 2. 
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Factorising polynomials 
- -  - 

The factors of an expression are the parts which-mÜltiply together to give that 
p. - - - - - - - .- -- - - - .- - 

expression. 
. - -  -- 

Factorising is the opposite of multiplying out brackets. That is to write a polynomial as a product of two 
or severa1 lower degree polynomiiils. 

Computing factors of polyiiomials can be done: 
- by removing comnon factors 
- by means of different formulae (like "difference of two squares" or "squared brackets" 
- by enchained divisions using Ruffini's rule (where the remainder is required to be zero) 

-- - 

- by solving - equations - (to -- be - explained - further) - - -- - - - - -  

Here are two kinds ot factor 

Commonfactor: 6 a 2 b - 8 a b 2  = 2 a b ( 3 a - 4 b )  

Grouped common factor: 3  a2 - a  b  + 9 ac - 3  bc 

= a ( 3 a -  b )  + 3 c ( 3 a -  b )  

= ( a  + 3 c ) ( 3 a -  b )  

If the signs in a group-of-four are + - - + or + + - -, then we take a negative factor 
out of the second pair. 

a 2 + 3 a - a b - 3 b  = a ( a + 3 ) - b ( a + 3 )  

= ( a -  b ) ( a  + 3 )  
- -- -. 

• ~2 + y2 has no factors but x2 - y2 (which ir called the Qifferene of two *U-') 
as factors: 

* 
- - .  

The method of dividing by binomials like (x - a) is based 
-- - - - -  - 

on the same reasoning we use to factorise a 
- - - -- 

number in prime factors: 480=2~-3.5 480 1 2 
240 1 2 
120 1 2  
60 1 2 
30 1 2 
15 1 3 

See page ~- 6 ("Factorising 2nd degree polynomials") 
~ ~~ - ~. ~- - - - -- ~ - -  
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=ample 

Factorise x2 + 2xy + y2 - 49 

( i )  x2 - 1 
Solution 

( i i )  x2 - 16 

(iii) x3 - 16x2 + 64x 
' This is a This is on 

Snlaition 1 quadratic. 
(i) x2 - 16x contains a 'common factor' x ,- 

_I 1 itsown. J 
x2 - 16x = x(x-  16) . . x2 + 2xy+ y2-49 

(ii) x2 - 16 is the 'difference of two squares' = ( x + y ) ( x + y ) - 4 9  

:. x2 - 16 = ( x -  4 ) ( x  + 4 )  = (x + - 49 (Ah! This is the difference of two squares!) 

(i i i)  x3 - 16x2 + 64x has a 'common factor' x = (X  + - ( 7 ) 2  

:. x3-  16x2+ 6 4 ~  = x(x2-  1 6 ~ + 6 4 )  = ( x + y - 7 ) ( x +  y+ 7 )  
-- 

Exarnples: x2 + 3x  = x ( x  + 3 )  (removing a common factor) 
x2 - 25 = x2 - 52 = ( x  + 5)(x - 5 )  ("difference o f  two squares") 
4 x2 + 12x t- 9= ( 2 x 1 ~  + 2(2x)3 + 32 = (2x + 3 )  (applying "squared brackets") 
x 2 - 8 x +  1 6 = ~ ' - 2 ~ 4 + 4 ~ = ( ~ - 4 ) ~  (applying "squared brackets") 
x3  -6x2  + 9 x = x ( x 2  - - -6x+9)=x(x2  - 2 x 3 + 3 ' ) = ~ ( ~ - 3 ) ~  - 

--- (both - - - - 
methods) . - - 

~2 - 81 b2 = ( 2 a I 2 -  (9bI2 = (2a1 9b)(Za + . - 9 b )  C1!J;Rmnce r f j r  rp- 

2 - 2 5  = ( 3 ~ ) ~ - ( 5 ) * - = - ( 3 X - 5 ) ( 3 ~ +  5 )  -- - - - - - - . - <LtA;ffi*h~~ DJ+*~ s a- 3 9" ) 
Sometin 

1 ops 

- 
pcje : nes you will have to re-order the group: - 

\ a e n  you re-order the group, the ratio of the coefficients in each twosome should 
be the same. In the above example, note that 10 : 5 = 2 : 1 and this is why we chose 
[he new order lOps + 5p + 2sq + 1 q .  

(The order lOps + 2sq  + 5p + 1 q would also be satisfactory since 10 : 2 = 5 : l.) 

Remember that 1 (or - 1 )  is always available as a common factor. 

I fl&: Don? forget the CF rule: Conmon 6hrr m e  fid" 
~~ ~ - p. ~~ 

b r  example, 



LESSON 2 Factorise 4x' - 6x" - 16x - 6 
dividing with Ruffini's rule 

Polynomials 

E ' 
9 -11 4 10 6 divisor (x + 1) 
4 
M 4 -1 O - 6 lo quotient 4x2 - 1 Ox - 6 
? 
L 

using now quadratic formula 

8 

so we can write 
2 4x3 -6x  -16x-6= 

= (x + 1)(4x2 - 10x - 6)= 

Example 

Factorise ( 5  a  + 6 b)2 - ( a  - b)2 

Solution 
( 5 a +  6 b ) 2 -  ( a -  b )2  

= [ ( 5 a + 6 b ) - ( a - b ) ] [ ( 5 a + 6 b ) + ( a - b :  

= [ 5 a + 6 b - a +  b ] [ S a + 6 b + a - b 1  

divisor (x - 2)  

t; 
h 

divisor (x + 2)  P 
L 
L 

divisor (x + 2)  

divisor (x - 5) 

x4 - 8x3 + 1 1x2 + 32x - 60 (dividing with Ruffini's rule) 

1 1 - 8  11 32 -60 
2 1 2 -12 - 2  60 

1 - 6  - 1  30 10 x3 - 6x2 - x + 30 is the quotient 
I 

- 2  1 - 2  16 - 30 
1 - 8  15 lo x2  - 8x + 15 is the quotient 

l 
3 1 3 -15 12 

1 -5  lo x - 5 is the quotient 
I 

5 1 5 - 
1 lo 1 is the quotient 

- - 
SO x4 - -8x3 -~ - +11x2 + 3 2 ~ - 6 0 = ( ~ - 2 ) ( ~ + 2 ~ ~ + 2 ~ ~ - 5 )  - ~ -  - - - 

m: When you reach a quadratic which you know how to factorise by 
other means, you can stop dividing and factorise the other way. 

- -  - -  - -- - - - - - - -  - 

x4 + 2x3 - 7x2 - 8x + 12 (dividing with Ruffini's rule) 

1 1  2 - 7  - 8  12 
divisor (x - 1) 1 1 1 3 - 4  -12 

1 3 - 4  -12 10 x3 + 3x2 - 4x - 12 is the quotient 
E 1 

divisor (x - 2)  2 1 2 1 O 12 
n 
4 

1 5 6 lo x2  + 5x + 6 is the quotient 
I 

divisor (x + 2) - 2 ( - 2  - 6  12 
1 3 lo x + 3 is the quotient 

I 
divisor (x + 3) - 3 1 - 3  - 

1 lo 1 is the quotient 

- -- --~ - so ~ 

x4 +2x3  -7x2  - 8 x + 1 2 = ( x - l ~ x - 2 ) ( ~ + 2 ) ( ~ + 3 )  - -  h.-.- - -  

m: When you reach a quadratic without roots, it remains as the last factor 
- - of the - factorised - -  expressioii. ~ --- -. . - ~ . - - -~ 
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EXERCISES 
- - 

25) Copy these and fill the brackets, but 

watch the signs carefuliy! 
-50 + 10b = -5( 1 

26) ~actorise the following: 35a-45b- 15c 

2-c- " A  

- 
15x2 
- 
1 4 ~ -  

- - - -  - -  - 

3x+ by  
15a- 106 
12m + 16n 
x'- 3x  

ab-  ac 
2xy - 6xz  

15b2-25ab 
x"x2-x4 - 

14x2y- 21xy2 
4x3y2- 6~~~~  

-- 

ax- a y -  cx + Cy - - 
3x i - "Y - - 
7 x - / v - w . + k y  - - 
ak - - 5 t  - - 

2 x  - 4 x - a x + 4 a  
- - - - 

pq + ps- 9q - 9s 

nb- ac- b2 + bc 

ak-  bk+ at-  b t +  a - b  
7 

3ax-6ay-x-  + 2xy 
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27) / Re-arrange these and then factorise 
Polynomials 

them: 
- - 

ak+ b t +  a t +  bk 

28) Factorise these ten 'groups-of-four': 
( i )  m ~ + m b + n n + n b  
(ii) 3u-t  3b+ xa+ xb 
(iiil s t + 3 t + a s  

(iv) x2 - 2 x  + X )  - - - -  - 

(v) a2 + 5 a  + 3aó + 130 
kv  2 - 5 x y +  

- a d -  bc 
(vi) 2 x  
(vii) ac 
. .... 
(viii) m x - Z m y -  ~ z b x +  24by 

(ix) p m  + nq + np  + m q  
(x) 6 x 2 +  15ab- 10bx-9ax  

29) Fadorise the following: 
- (i) x y +  3 x z  

(ii) f x -  3 x y -  2 m f  + 6 m )  
(iii) 3 a2 - 6a3 

12vy- 3 1  

ac-3ab  
h2 

(iv) w2 

(v) 6n;  
f .\ .. 
(Vi) 14L. - --- 
(vii) a3 - 
(viii) a2E 

(ix) a x - v x - a y t a y t a - b  

(x) 5a2+ a c - a - l o a b - 2 h c + 2 b  - -  - -- -. 

- 

3 0) ise the foilowing: - 64 
- 

Factor 

1. x" 
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31) 
Factorise these 'difference of two 

~- squares': - 

c2 - 25 

d2 - 16 
k2 - 100 

4 m 2 - 8 1 n 2  
49k2-9 t2  

121s2 
2 

32) W*->L = 7 2  a n d x + y  = 9 ,  
write down the value of ( x  - y ) .  

~f a2-  bZ = 100 and a -  b = 5 ,  

33) --  write down the value of ( a  + b)  . 

- 

34) Factorise these 'difference of two 
squares': 

( i )  ( x +  Y ) ~ - z ~  
(ii) ( x +  3 ~ ) ~ -  k2 

(iii) ( x -  w2 
( i v )  ( x +  2 ~ ) ~ - 8 1  
(v)  ( ~ 1 + 2 b ) ~ - g c ~  

(vi) ( 2 x -  Y ) ~ - ( x +  
(vi i)  ( 5 a +  4 b ) 2 -  ( a +  b )2  

(viii) 4z2  - ( x  + y)2  
(ix) ( 3 a +  2 b ) 2 -  ( 2 a -  3b )2  
( x )  ( 2 x -  y )2 -  ( x +  2 ~ ) ~  

keeping i 
Factors ( 
,, 

Fkd three factors for each of the 
n mind the CF rule 
k m e  First). 
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Factorise: 
36) (i)  2 - 3 6  

(ii) 
.... 
111) 

(iv) p x  - ~ q x  
(v) xZy* - 49 

- - Y 
37) Factorise: 
- 

(i) ax+  60 

(ii) x 2 +  3 x -  
.... 7 
,111) y - -9  

(iv) sy7 - 43 

(v) pr + q s  + qr + ps  
- - - .  /- 

38)a) Simplify(a-4b)(a+b)+3aband 
fadorise the simplified expression. 

. 7 t  and 
ed 

- 
c) 

uo- + 4, - a(2  - ~ U ) ( . L  t DQ 
and factorise the  sirnplifié 
expression. 

- 

rhat is tht 
and fill ii . 2 . 2  

3 9) (a) Factorise 4 a' - 12 1 b2 
- ---(b) One factor of x + 8% - 65 is 

( X - 5 ) . U  : other? 
(c) (i) COPY 1 the bracket: 

- 1  -3n3h + +a 0 = -2a-bí -- .. 
ii) Facto 

13a-  
rise 
. 26b -  21 

40) Apply "squared brackets" and factorise the following: 
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41) the following: 

2xy+ y'-81 

Factorise 
x2 + : - 

P.. . 

42) a) Factorise x2 - 12x + 36 and hence 
- - 

factorise x2 - 12x + 36 - 4 9 3  . 

b) Factorise p2 + 6 p q  + 9q2  and hence 
factorise: 
( i )  p2 + 6pq  + 9q2 - r2 

(ii) p2 + 6 p q  + 9q2 - ( r + S)' 

C) 
Factonse x2 - 13x + 36 and hence 

- find four fadors of a4 - 13 a2 + 3 6 .  

d) Factorise a2 - 2 a  b  + b2 and hence 
fadorise: 
(i) a 2 - 2 a b +  b2-  121c2 

(ii) 100-a2 + 2 a b -  b2 
(iii) ( 5 a -  b ) 2 - a 2 + 2 a b - b 2  
- -  - - - . ~ 

43) Factorise the following and te11 the roots of them: 
- - - -. -- 

a) x4 - x2  

b ) x 3  + 3 x 2 + 4 x +  12 

C) 2 ~ 3  - 3 ~ 2  

d) x 3 - x 2 -  12x 

e) x 3 - 7 x 2  + 1 4 ~ -  8 

f )  x4-4x3 + 4 x 2 - 4 x +  3  
- - - - - -  - - 

44) Factorise the following using "Rupni's rule": 
- - - - - 

a) x 4  + 2x3 - 23x2 - ""-- 
b) : 

c) c-  + 1 L X  + 4 

d) 9 x 4  - 3 
T) ,5 + 10, 
. - 

30 

Polynomials 
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45) Factorise . iing: 

Polynomials 
the fo l lo~  

x +  10 

46) Factorise these quadratic 

x 2 +  5 x y +  6y2 

a '+  7ab+ 10b2 

3a2 + 4ab + 6" 
1op2 + 9pq + 2q* 
x2 - xy- 6y2 

2x2 - xz-  1oz2 

7x2 + 11xy-6y2 - -- 

xy -  1101 

47) Factorise the following: 
(i) 2 0 x 2 - X -  1 

(ii) 20x2 + x 
(iii) 20x2 - 8 

(iv) 20x2 + 8A- 1 

(VI 9x -  1 
(vi) 9 x -  1 

(vii) - 1 2 ~  + 1 

(viii) x +  1 

(ix) l x +  1 

(x) 1-- X- 20- - - 

2 48) (a) (i)Factorise x + 4 x  - 32 
(ii) Evaluate the expression 
x 2 +  4 x - 3 2  when x = -8. 

(b) Factorise: 
(i) ab- b c - a +  c 

(ii) -- xL+ 2x  y 63 
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Polynomials 

49) (a) , Factorise: 
2 (i) x - 4 

(ii) x' - 4x 

(iíi) x' - 4x + 4 

(b) The factors of x2 + a x  + b are 

( x  - 17) and ( x  + 3 ) .  Find Uie 
values of a and b. 

(c)  Factonse fully: 
(i) 7x" 28 

- (ii) x 2 -  49 
3 (iii) x - 49x 

m 

50) a) The factors of 2 + ax + b are 
( x -  1 )  and ( x +  8 ) .  

Find the values of a and b. 

b) The factors of 2 + px + q are 
( x - 7 )  and ( x - 9 ) .  

Find the values of p  and q. 
2 

C) The factors of x  - kx - t are 
( x - 2 )  a n d ( x + l ) .  

Find the values of k  and t. 
- - - - - - - - - 

5 1) Factorise and caicuiate de LCM (least cornman multiple) and the GCD (geatest c o m o n  divisor) 
of the following: 
a) x 2  - 2 x + 1  and 2 x - 2  

- 

b) x 4 - 4 x 2  and x3 - 4 x 2  + 4 ~  
C) x 2  -3x , x 2  - 9  and x2 - 6 x + 9  - -  ~ - - -~~ 

- . . -  - - 
-. - 

~ - 

- - 
- - - - - -  ~ 

-. - - -  
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Two important theorems about polynomials 

-- -~ - - - - . 

2 
N-: the solutions of anxn + ...+ a2x2 + a,x + a, = O  are called the roots of anxn + ... + a2x  + a l x  + a, 

2 
so if the polynomial is factorised anxn  +...+ a2x  + a , x + a ,  = a n ( x - a ,  ) (x -a ,  1.. the roots are a, ,a,,. 

divided t V )y (x  - a )  the remainder is f (a) .  
/._ L 

Example Find the remainder when the .po!ynomial f(x) = x3 + x - 5 is divided by: 

Choose x SO that (a) The remainder is f ( 3 )  = 3 + 3 - 5 = 25.  
xu2=0. (b) The rematn-ter is f(-2) = (-2)-3 - 2 - 5 = -1 5 .  
Choose x so that (c) The remainder is f ( 0 . 5 ) - . 0 . ~ ~  + 0 .5  - 5 = -4.375. 
2 r -1  =o. - -- - --  - - . -  

A special case of the remainder theorem occurs when the remainder is O. This result 
i s  known as the factor theorem which states: 

If f (x )  is a polynomial and f (a)  = O then ( x -  a) is a factor of f(x).  

I 

Example Show that (x  + 3 )  is a factor of .u3 + 5x2 + 5x - 3.  

Taking f(x) = x 3  + 5x2 + 5x - 3 

f ( -3 )  = ( - 3 ) 3  + 5(-3)2 + S(-3) - 3 

= - 2 7 + 4 5 - 1 5 - 3 x 0 .  

i3y the factor theorem (s + 3)  i s a  factor of x3 + 5 x 2  + 5 x  - 3. 
- - -- - -- - 

Note: the following facts are equivalent: 
2 - a is a solution of anxn +...+ a2x +a ,x+a ,  = O  

- the remainder of (a,,xn + .. . + qJ + a,x + %) : (x - a) is zero 

- anxn +...+ a,x2 + a l x + a o  is divisible by x - a  

- the polynomial is factorised a$ +...+a$ +4x+4 = (x-a)g(x) where g(x) is the quotient 
-- - - -  - - 
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txample A polynomial is given by f(x) = 2r3 + 1 3x2 + 1 3x - 10. 

(a) Find the value of f (2 )  and f ( -2) .  

(b) State one of the factors of f(x).  

(c) Factorise f(x) completely. 

(a) f(2)=2(23)+13(22)+13(2)-10=84 

f ( -2)  = 2 ( - 2 ) 3 +  13(-2)*+ 13(-2) - 1 0 = 0 .  

(b) Since f(-2) = O, c~ + 2 )  is a factor of f (x)  by the factor theorem. 

1 

-2 1 -4 -18 10 divisor (x + 2 )  
2 9 -5 10 quotient 2 x 2  + 9 x  - 5 

using now quadratic formula 

4 

so we can write 
/ l \  

f ( x )  = (x  + 2)(2x2 + 9 x  - 5 )  = ( x  + 2)2(x - - + 5 y x  - S) 
-- - 

Factorisina a polvnomial in order to solve an equation 

The equation a,xn + ...+ a2x2 + a ,x  + a,, = O  can be rewritten as p(x)q(x).. = 0 if you factorise the 
left side of the equation. 

This-way you can split the equation into severa1 - - equations - - easier to solve: p(x) = O , q(x) = O  , . .' 
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EXERCISES 
- - -- ~ - .  .. . 

52) Te11 the roots of ~ ( x )  = (x + 5)' . (2x - 3). x 

53) Te11 the roots of B(x)= (x - 2). (x2 + 1) 

54) Find the remainder when 2 + 2x2 - 5x + 1 is divided by x - 2 

55) Let f(x)=x5+x4-19?-2d+6&+72 
Use the Factor Theorem to determine whether or not x + 1 is a factor of f (x) 

56) Find the value of "m" as to (32 + d +x- 4) : (x-3) has a zero remainder 

57) Find the value of "m" as to 2 -m! + 5x - 2 be divisible by x + 1 

58) Write a polynomial with the following roots: 2,3, -1 

59) In a division of polynomials the quotient is 2x - 3, the divisor is 3 2  -1 and 
the remainder is - x + 1. Find out the dividend. 

60) a) Write a quadratic P(x) such that P(3)=0 and P(5)=6 

b) Write a quadratic Q(x) such that Q(-4)=O and Q(-2)= -8 

61) a) Write a quadratic function such that its graph (a parabola) passes through 
points (3,O) and (5,6) 

b) Write a quadratic function such that its graph (a parabola) passes through 
points (-4,O) and (-2,-8) 

62) Find the possible values of "b" if the equation g(x) = O is to have only one root, 

where g(x) is given by g(x) = 3 2  + bx+12 

63) Solve 2 -6x+7 = 0: a) using the quadratic formula 

b) by completing the square 

c) by factorising (for example, with Ruffini's rule) 

-nand mif 
( 3 x -  I l ) ( n x  + m) = 6x2  - x -  77 

for al1 values of x 

64) a) Find the values of real numbers 
p and q if 
( 2 x + 3 ) @ x + q )  = 1 0 x 2 + 2 9 x + 2 1  

for all vaiues of x 

b) Find the vaiues of real numbers 

d, Divide 18x3 + 63x2 - 8 x -  28 and 
2 x +  7 

c) Find the remainder when: 
- (i) 660 is divided by 7. 

(ii) (x2 - 3 x  + 50) is divided by (x - 5). 

(iii) ( x 3  - 2x2 + 6 x  + 1 ) is divided by 
x -  l. - 

factorise - . the result. ~ - 
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Algebraic fractions (rbttoybt a*pCesiow) 

The quotient of two polynomials is called an algebraic fraction (or a rational expression). They can be 
operated like numerical fractions. 

They can be simplyfied by cancelling a cornrnon factor on the nurnerator and on the denominator. 
-- - - - 

- - -- 

1 
To simplify a rational expression, factorise both f(x) and g(x) as tar as x 2 - 9  --(x+3) x + 3  - - 

tplik,cancel any factors that appear in both the nurnerator and denominata x2 - x -  6 M ( x  + 2 )  x  + 2 
-- - - - - - -  - --  - 

- -- 

15a2 3  -- Examples: - - 1 2 ~ ~  - 2 ~  -- x 3  - - x  - X -- 
25a3 5 a  1 8 x 4 y 2  3x3 x 2  + x 3  x 2 ( l + x )  l + x  

x 2  + x  x ( x + l )  x  -- - -- x  + 1 - (x  + 1 )  1 - -- x  - 1 -- - (x - 1 )  - 1 -- 
y x + Y  Y ( x + l ) - Y  x 2  + 2 x + 1  - (x+1) '  x + l  x 2  - 1  ( x + l ) ( x - 1 )  x + l  

This cannot be 
cancelled any further. 

~- - 

The b d j ¡ ~  rules are exactly the same as tor ordinary fractions 
and you should definitely be aware of the close similarity. 

1 
- 

1 
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Multiplyinn and dividing algebraic fiactions 

To multiply severa1 algebrriic fractions you must multiply the numerators to get the numerator and 
multiply the denominators to get tlie denominator. 

To divide two algebraic fractions the rule is to cross-multiply. 
2a2 15b - 2a215b 

Exarnples: - - - - 
3 -- 2 Y - 6x2%Y - Y 2  

5b3 8a4 5b38a4 4b2a2 6x Y.?---- 18x 18x3 3x 

Ciettinn a common denominator of several alnebraic fractions 

First calculate the L.C.M. (lower common multiplier) of the denominators. 
Change each fiaction into another equivalent one whose denominator is the L.C.M. To do so, divide the 

L.C.M. by the denominator and multiply by the numerator. 

Addina or substractinn alaebraic fractions 

Always get a common denorninator and then add/substract numerators only. 
1 2 x 2 x + 2  

Examples: - + - = -- + - = - because L.C.M = x 2  
X x 2  x 2  x 2  x 
3 1 5 18 3 10 18+3-10 1 1  -+  =-+---= -- - because L.C.M.= 6x 
x 2x 3x 6x  6 x  6 x  6x  6 x  
5 3 - 5x 6 5x -6  - - - - - -- - - - - because L.C.M.= 2x2 

2x  x 2  2x2 2x2 2x2 ----- 

because L.C.M.= 2(x + lXx - 1 )  -- - - - - - - - - - 
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- - 21x-6-  1Ox-25 
(Watch those signs!) 

(2x  + 5)(7x - 2)  - - - - 

a l  
Checkk0f 1-t e a ~ ~ p k  
Put x  = 2 at the start and the end: 

Since rnese are the same, the answer is reinforced. 
- - 

--u-- - 
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EXERCISES 

65) Reduce these fractions by dividingabove a2 - b2 / 11. - and below by a common 'factor: 7 a - 7 b  

x2 - 16 a x +  a y -  cx -  c  
le .  a x +  a y +  cx+ 

a - b  10. - 
b - a  

and fadorise fully the simplified 
expression. 
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x +  5 
5 .  - 

3 
+ x + 4  (Hi 

68) x c e  ;¡ese as a single fraction: 

. Y + l  x + 5  
l . - + -  3 3. 

nt: x + 4  

. -. 

2  13. - 
2 x + 1 + 3  

3 69) a) wnte - +- as a single 
-- - - x - 1  x + 4  7 2 d) Write 5 + in the form 

n and ver 

; x =  4 .  

fradio: ify your answer by 
k - , whe - 3 

lowest cc 
:or is just 

(Hint: The 
denomina1 Write - single 

..-- L.. 

as a single 
1 3 x + 1  puttinl 

C _  

c) Write 
x - 5  5 

on. Ver* 
- .. - n 

Verify your answF by-Ietting 
x = 3  

your answer by 
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Expre 

(a) 

rigle fraci tion in it! 

3 5 (e) (+ + - - -) . 2x2 
X x x - 4  

3 10 71) ( i )  Evaluate - + - x + l  x + 2  
1 when x  = - 2 '  

3 asa (ii) Write - + - x + l  x + 2  
single fraction. 

(iii) Find the value of this single 
1 fraction when x  = - 

- - - -. 
2 '  

7 
that 3w- % can be 

and written in the form - 6 ( ~  - 2) 

h d  -the valueof k. . 

73) (a) Find a common factor in the 
~ - -  

two expressions ( 6 x  - 12) and 

( 5 x -  10). 

(b) Hence solve 

74) (a) Factorise 2 x2 - x  - 10 --- - 

(b) Solve 
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x + 2  x + 3  
75) Solve for x: - - - = 1  

- p~ - x - 4  - -  x - 2  - -  

--- - -  

5 1  --- = ( x -  1 ) ( x +  1 )  
x - 4  2 x +  1  2 x 2 - 7 x - 4  - - -  

~ 

76) Find the two values of x which 

x + l  1 + x + 2  satisfy: - = - - 
x - 2  2  x - 1  and verify 

--. 

that both solutions are correct. 

and verify p u r  - - solution. 

.~ -- 

a) Find, correct to one decimal place, 
- - 

x  x - 1  
the solution of - +- = 4. 

x - 1  x  

b) Find, corred to two decimal places 
- - 

the solution to the equation 

- 

C) Solve for x, correct to three decimal 
- 

2 ( ~ - 2 )  3 ~ - 2  - 
places, +- - 3 .  x - 3  x - 2  

d) Find, correct to two decimal places, 
- - 

the values of x  which satisfy the 
equation 
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